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1 Introduction 

In modern (or standard) cosmology, the idea of inflation [1] provides the most compelling solution to 
various problems (e.g., flatness, horizon, and monopole problems) of old (big-bang) cosmology [1, 2]. 
Also, the classicalized quantum fluctuations of the inflaton are regarded as the most plausible seed for 
the density perturbations in the present universe [3, 4]. In this regard, the concept of inflation is now 
a kind of paradigm of modern cosmology. In order to match the observations of our universe, the last 
primordial inflation should have at least about 50 ~ 60 e-foldings, depending on the specifics on the 
thermal history of the Universe after that stage. Also, if its quantum fluctuations are responsible for the 
density perturbations at the present universe, the inflaton needs to roll down an almost flat potential 
which should also provide a smooth end of inflation. There are numerous models of inflation, all fullfllling 
these requirements, but they are either theoretically unappealing or quite degenerate among themselves 
exhibiting only minor differences, well beyond the expected experimental resolution in the intermediate 
and near future. A situation that leaves us with little hope to get a hint on the shape of inflaton potential 
for quite some time. 

Generically, inflation models can be categorized into two groups: small-field and large-field inflation. 
In the former group, inflation takes place in a sub-Planckian regime of field space. In the latter case, 
inflaton evolves over Planck scale. In view of effective field theory, which most of inflation models belongs 
to, small-field inflations are the most sensible. However, typically there are issues about the flatness of 
the inflaton potential (the so-called //-problem), fine tuning, or flat inconsistency with observations in the 
most simple models of both categories that leaves the category of single small field models quasi empty. In 
recent years however, there have been interesting ideas on compactifying the trans-Planckian trajectory 
of the inflaton into a sub-Planckian regime of a two-dimensional field space by winding the trajectory 
[5-14] which has put small field inflation back into the inflationary model building game. These potentials 
are free from the //-problem although some amount of tuning seems still unavoidable. In those scenarios. 
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even though inflaton dynamics takes place in a two-dimensional field space, it is effectively the same as 
the case of single field inflation in the sense that the trajectory does not have any peculiar change during 
inflation. From now on, we call these two-dimensional extensions of single-field inflation as spiralilzed 
inflation. In terms of the canonically normalized inflaton field, the various type of potentials in spiralized 
inflation can have peculiar (e.g. fractional) power dependences on the inflaton field. 

In the circumstance of having spiralized inflation scenarios, with fields always in the sub Planckian 
regime, one may wonder whether these models can be degenerate with models among their class or 
even with models in the large single-field one, rendering the distinction between small and large field 
meaningless. Therefore the relevance of spiralized models largely depends on a positive answer to the 
question of whether discriminating models, in particular, models of new-inffation-type (spiralized models) 
from ones of chaotic-inffation-type is possible. If so, such a distinction will not only remove a half of the 
parameter space in inffation-model-building but also shed some ligth on the mechanism of inflation. 
In fact, in this work, we show that spiralized new-inffation models can be distinguished from various 
chaotic-inflation models at the level of the running of the spectral index of density perturbations even if 
there is a degeneracy of the three leading observables of inflation (power spectrum, spectral index, and 
tensor-to-scalar ratio). 

This paper is organized as follows. In Section 2, we provide a general phenomenological description 
of spiralized inflation. In Section 3, we show the differences of observables among various selected inflation 
models as a result of our numerical analysis. In Section 4, the validity of the single-field description of 
spiralized inflation is discussed. In Section 5, conclusions will be drawn. Collections of formulas for the 
inflationary observables in terms of slow-roll parameters of single field inflation, and formulas of slow-roll 
parameters of selected models are provided in Appendix A and B, respectively. 

2 Spiralized inflation 

Spiralized inflation models can be described by the potential, 

V = V^ + Vm ( 2 . 1 ) 


where is a function of (j) only and 


Fm = A^ [1 - sin((/)"/M” - 9 )] 


( 2 . 2 ) 


where </> and 9 are regarded as the radial and angular degrees of freedom of a complex field, and n G N. 
We assume <C 1 at least during inflation, and consider only n = 1,2 cases for simplicity. The 

inflaton is expected to trace closely the minimum of the spiraling valley of the potential F. In this case, 
dV/d(j) = ^ gives 


dV^ 

d(j) 


n 

M 




(2.3) 


where 9^ = cj/^/M'^ — 9, and /((/>) = n {(f)/M)"'. It leads to 


'd^ 


n-ldV^ 
cj) d(j) 



sin 9, 


■ 

■ A^ 

dp = 

/—sm 9^ 

1 9 \ 


d9 


(2.4) 


When the inflaton is trapped in the spiraling trench (i.e. (j) > M (or / > 1)), the curvature along (p is 
dominated by the contribution from Vm in Eq. (2.1). In this case, the last term in the left-hand bracket 
of Eq. (2.4) dominates the other terms, resulting in 


dp Ri Pd9/f 


(2.5) 


which defines inffaton’s trajectory. 
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In the basis of {(j), 9), when the field configuration is constrained to follow a specific trajectory such 
that (f) and 6 are dependent on each other, an infinitesimal displacement along the trajectory is defined 
as 


dl = 


1 + 



1 + 




( 2 . 6 ) 


The unit vectors along the trajectory (I) and the orthogonal direction can be written as 

Then, the directional derivative along inflaton is given by 


A 

df 


^ d d 


( 2 . 8 ) 


where 


_ d4> d(l)/d9 

^J^‘^ + {d(i)/def 

_ 4>d6 (p 

\J + {d<p/d6'f 

The slope along the direction is 

dV dV dV 
~dl ~ 

and the mass is obtained as 

d^V 

~pjj2 ~ + CgMgg 

where the mass matrix elements are found to be 

i»„r2 dlncsdV 

^ ^ dcp 

2 _ d^V 1 / (91nc6i \ dV dlnc^ dV 

(pdOdcj) 2 \ dlncp j (jP'do 89 4>d(j) 

»/[r2 since dV 

^ ^ 89 4^ 


(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 

(2.14) 

(2.15) 


Along the spiraling inflaton direction following Eq. (2.5) and being expected to satisfy 8Vj8(j) = 0 
with a good accuracy, c^j, and cg can be regarded as functions of (p only, and one finds 


sv 

8^V^ n-l8V^ , ^ 2 ^^ . ^ 
8(p‘^ (p 8(p^^ (p'^ 

(2.16) 

8(p‘^ 

8‘^V 


(2.17) 

(p898(p 

8V 


(2.18) 

(P‘^80 

~ ~PjP2 

SV 


(2.19) 

<p‘^89‘^ 

^2 Sin (7^ 
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leading to 


dV 

~df 

d?V 

~dP 

d^V 

iP 

d^V 

~dP 


iV^ 


14 - n-f + n7 ^ 






-3n^ + n{2n + l)^+nY 


v: 


v: 


V, V. 

3^-(6n + l)^ 


f: 




7 < - 6n-^ + n(lln + 4)-^ - n(2n + l)(3n + 2)^ 


V V Y 

+717^ 6^-(30n + 4)^ + (36n2 + 20n + 2)^ 


+77^7'^ 


y. y, 

19 ^ - (5877 + 13 )^ 


+ 287iV^ 


( 2 . 20 ) 

( 2 . 21 ) 

( 2 . 22 ) 


(2.23) 


where 7 = c^// <C 1, denotes derivative with respect to cj), and dlncg/dlncj) = 777 ^ was nsed. In these 
derivatives of V with respect to I we kept all higher order terms of 7, since the leading order contribntions 
can be cancelled ont, depending on and 77 . 

Alternatively, in the region where Eq. (2.5) is valid, the inflaton can be expressed as 


I = 




77 

77 + 1 



(2.24) 


where we assnmed / 3> 1 which was jnstihed with nnmerical tests. For (j) S> M, if (p is away from the 
end point of inflation and 9^ is nearly constant for several e-foldings associated to the observed CMB 
scales, one may ignore the contribntion of Vm in the potential V of Eq. (2.1) as long as Vm In 

this case, Eq. (2.24) allows a simple single-held description of spiralized inhation. Note however that 
snch a description implies setting dlncg/dlnp = 0 which is not problematic in many cases, bnt can lead 
to a wrong resnlt in some cases (e.g., ‘Spiral inhation’ with 77 = 1). Also, for a tachyonic V^, as the 
inhaton evolves close to the end of inhation, \dV(i)/d(p\ becomes larger and the last term in the left-hand 
side bracket of Eq. (2.4) can become snbdominant, depending on M and A. In snch a case, Eq. (2.5) 
does not hold any more, and it becomes non-trivial to hnd ont a simple single-held description for the 
inhation along the inhaton’s trajectory. Hence, we do not take this approach, bnt will nse Eqs. (2.20)- 
(2.23) in order to obtain analytic expressions for the slow-roll parameters. The observables of spiralized 
inhation in terms of the slow-roll parameters can be fonnd in the same way as in the single-held case (see 
Appendix A). Explicit expressions of slow-roll parameters for several selected models of onr interest can 
be fonnd in Appendix B. 

As a remark, a general featnre of spiralized inhation is that the 77 -th derivative of potential with 
respect to the canonical inhaton held is snppressed by /” relative to the case withont spiral motion (i.e. 
the case of Vm = 0). This resnlts in snppressions of slow-roll parameters relative to the case of nsnal 
single-held inhation, allowing effective large single-held slow-roll inhation in snb-Planckian held space. 


3 Numerical analysis 

In this section, a broad choice of models of large-held inhation and spiralized inhation is presented 
and analyzed nnmerically to see the possibility of discriminating among different models. For slow-roll 
parameters, formnlas collected in Appendix B were nsed. 
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3.1 Models 

We choose following models for comparison: 


Hilltop inflation (HI) [15]: 


i2^-inflation (R2I) [16]: 


Natural inflation (NI) [17]: 


V = V^ = Vo 


1 - I - 


+ 


V = V^ = Vo 


V = V^ = Vo [I + cosWfi)] 


Spiral chaotic inflation 1 (SCIl) [7]: 


V = Vo{^] + Hm 


Spiral chaotic inflation 2 (SCI2) [9]: 


V = Vo + Hm 


Spiral inflation (SI) [12]: 




- 1 


+ Vm 


Spiral Coleman-Weinberg inflation (SCWI) [13]: 


r = v'„<i + 4|^ 


4 r 


cPo) 4. 


+ Vm 


(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 


Some of well-known large-held models have been excluded from this selection, since they seem unlikely 
to be consistent with recent data from Planck satellite mission [18]. 


3.2 Distribution of models on {ns,r)- and (a?^, Q;)^)-planes 

Many simple models of single-held inhation can be distinguished by its spectral index (us) and tensor-to- 
scalar ratio (r). However, there can be degeneracy among some models at the Ug and r level. In this case, 
the next thing we should see is the running of spectral index (o-r.), or one may have to go even further 
(e.g., to the running of the running (a)^ = da^i/d\n.k)). In terms of Ug and r, one hnds 


otn = 


“7^ — 




1 

—r 

2 


(1 — ngY - 

^ ^ 64 


- 1 - ns -h 


+ 20-3 


(3.8) 

(3.9) 


Note that in Eq. (3.8) the hrst term of the right-hand side is always negative for r < 0.1 and 0.95 < 
Y, 0-98 [18]- Hence, it may be tempting to use the sign of as a discriminator between models of 
inhation at the level of uti although only an analysis about the magnitude of will be able to tell, when 
it is negative, whether it is a good discriminator, in Eq. (3.9) may also play a role similar to in 
Eq. (3.8) but in combination with It is thus instructive to categorize the generic behaviors of and 
in several prototype simple potentials. It is straightforward to see that for 
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• Monomial large-field models: < O(e^) and |(t^| < O(e^), leading to a-jz < 0 and daTi/dlnk < 0. 

• Concave chaotic-inflation models: dV/dl > 0 and d^V/dl^ > 0, leading to > 0 and hence oti < 0. 

• Concave new-inflation models: dV/dl < 0 and d^V/dl^ > 0, leading to < 0. Hence there is 
possibility of a-ji > 0 . 

As can be seen from Eq. (3.8), since aji is an observable, should be physical quantity, too. Hence, 
once the sign of dV/dl is fixed, that of d^V/dP is fixed too, irrespective of possible field redefinitions. 
Note that only concave new-inflation models display the possibility of having a positive spectral running. 
In Table 1, we show the patterns of and for the various models of interest. Now it is easy 



Model 

V 

Sign(^^) 

Sign (cr^) 

Single-field 

HI 

Vo 

1 - 

(^)‘ 

-b ... 

-b 

- 

R2I 

Ho 

-b 

- 

NI 

Ho [l + cos{(j)/fi)] 

- 

- 

Two-field 

sen 

VoicP/fiy^ + Vu 

-(+) 

+ (-) 

SC 12 

Vo{^/fl)^ + VM 

+(-) 

-(+) 

SI 

^0 

(i) 

2 

- 1 

+ Vm 

- 

- 

SCWI 

no|i + 4( 

i)‘ 

I" (r) - 3]} + rM 

-(-) 

-(-) 


Table 1. Patterns of and for sample models of inflation. The sign in parenthesis is for n = 2 case. In R2I, 
/i = ■\/3/2Mp. In NI, the sign of cr^ depends on /i, but as fj, becomes much larger than Mp, cos(^//i) becomes 
negative leading to a negative In SI and SCWI, we took (j)o = Mp and Mgut, respectively. 

to see that Hilltop- and i?^-inflation are expected to have negative oti- On the other hand, it may be 
possible for SI and SCWI to have positive oti since their is negative. That is, spiral new-inflations 
may be distinguished from the others. Since the signs of and are only suggestive and the sign of utz 
depends on the specific form of potential V^, a numerical analysis is required. We calculated numerically 
inflationary observables up to a'^, using formulas collected in Appendix A and B. As a result of the 
analysis, we show the positions of models in (res,r)- and ( 07 ^, Q:)^)-planes in Fig. 1. In the top left panel 
of the figure, one see that most of models we have considered (which are a fair sample of what can be 
found in the literature) can be distinguished in (n^, r)-plane, but there are still several models which may 
be difficult to be distinguished by Ug and r. It is interesting to see that in SCWI r ~ 0.05 even if we took 
(/)0 = .^GUT- This is because the spiraling motion of inflaton extends e-foldings such that, for the last 
about 50 e-foldings, inflaton had to be close to (/>o, where e is sizable In the top right and bottom panels, 
we notice that the degeneracy in (n^, r')-plane is mostly broken at utz- The pattern of in regard of 
and is not so clear because of the fact that some models display a somewhat large n* and r. However, 
notably, spiralized new inflation models can have quite large positive a^z (depending on n) and large 
negative a'^. This behaviour can be seen from Eqs. (B.39), (B.40), (B.57) and (B.58) with ~ 0{^.1)4>q 
as the field value giving observables consistent with data for the cosmological scales of interest. We have 
not considered some power-law potentials [19] which can be motivated from axion monodromy models 
[5, 6 ], but as commented already, its is straitforward to see that such potentials give utz ~ —0(10“^) 
since e = 0(10“^ — 10“^) and ~ ±0(e^)(or 0). Therefore, we see that spiral new-inflation can be 
clearly distinguished from all the other chaotic models of inflation at the level of a'jz at least. 

^This result is different from Ref. [13] because in this work the waterfall end point of inflation was pushed maximally 
toward i^o. In this case, another inflation can take place successively with a large amount additional e-foldings, since inflaton 
would get trapped again. Since inflation can end much earlier by making the modulating potential small, we put aside this 
issue in this work. 
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Figure 1. Observables. Top-Left: Dark-gray and gray lines are respectively Icr and 2a CLs of Planck data [18]. 
A colored straight line corresponds to A^e = 45 — 60 from right to left end except the cases of ‘SI’ and ‘SCWP. 
For spiralized new-inflation models, each line covers AiVe = 10 starting from Nf. = 39.5,45 for ‘SI(n = 1)’ and 
‘SCWI(n = 1,2)’, respectively. Green and orange shade-regions correspond respectively to p, < 250 and p < 300 
from right. Green and orange dotted lines correspond to p = 4.65 and 7, respectively. For spiralized inflation 
models, we took the parameter M appearing in the modulating potential Vm as shown in Table 2. Note that “SI” 
has only n = 1 case, since n = 2 is phenomenologically ruled out. Top-Right: Same color scheme and parameter 
set as the left panel. Bottom: Same as top-right panel in a different scale. Green and orange regions cover 
p = 4.65 — 250 and 7 — 300 with dotted lines corresponding to p = 4.65 and 7, repectively. Some right part of 
the orange region is overlapped by the green region. Large parts of solid blue and dark green lines are nearly 
overlapped. 



sen 

SCI2 

SI 

SCWI 

n = 1 

1.0 X 10“^ 

2.0 X 10“^ 

2.52 X 10“^ 

2.0 X lO”"^ 

n = 2 

2.0 X 10“^ 

5.0 X 10“^ 

- 

1.48 X 10“^ 


Table 2. The value of M in Vm of Eq. (2.2) used for the numerical analysis of spiralized inflation models. The 
unit is Mp = 2.4 x 10^® GeV except SGWI for which Mgut = 2 x 10^® GeV was used. 


Future measurements of the power spectrum of cosmological weak lensing as the one that will be 
performed by the planned all-sky optical EUCLID [22] might detect a running of the primordial spectral 
index at the required level (0(10“^)), provided the uncertainties about the source redshift distribution and 
the underlying matter power spectrum are under control. The NASA SPHEREx mission [23], a proposed 
all-sky spectroscopic survey, forectast a factor of 2 improvement over EUCLID perspective offers an ideal 
tool for discriminating models. 
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4 The validity of the single field description of spiralized infiation 


The validity of the single field description of spiralized inflation can be guaranteed when the dynamics 
along the direction orthogonal to inflaton can be ignored and the turning rate of the inflaton trajectory 
is much smaller than unity. The mass-square along the orthogonal direction is found to be 


d^V 


— 2c<^C0M^0 -I- 


= 4 


a4 


+ (•^ + 7) 


- / n - 1 - 


1 — 


P 


—7T COS 9 


,A4 

A2 




(4.1) 


where we assumed / 1 and sin^,^ > cos0^ which are valid for the cosmological scales of interest. If the 

mass scale along tp is comparable to or larger than the expansion rate during inflation, the background 
motion and perturbations along ijj are exponentially damped out within a few e-foldings. This requires 


d^V/dp 

34f2 



A^ 

yW) 


sin 9^>\ 


(4.2) 


where is the field value when a cosmological scale of interest exits the horizon during inflation. Note 
that the first slow-roll parameter e can be expressed as 


e 


MvdV 


V dl 


1 f cq Mp 4‘*y(f,'\ 

2 ) 


(4.3) 


Also, for spirlized models we are considering, ^ within a factor of a few. Hence, Eq. (4.2) 

together with Eqs. (2.3) and (4.3) can be interpreted as 


X*. 

3Ef2 




(4.4) 


In Eq. (4.4), the left-hand side for a sub-Planckian excursion of (p is generically of 0(1) or larger. The 
right-hand side is typically smaller than or at most comparable to unity. Hence, the dynamics along the 
orthogonal direction can be safely ignored. 

Also, following Ref. [24], the turning rate is found to be 


? 7 _l ny/2e / Mp\ 

V- 


(4.5) 


where t]± and v are respectively the field acceleration to the direction orthogonal to infaton and the 
field speed measured with respect to e-foldings instead of time. For a simple power-law potential of 
V^, Mp/fP rsj < 0(0.1) for cosmological scale of interest. Even for SI and SCWI, we find that 
Mp/p(j) ~ 0(10“^). Hence, for 7 < 0(0.1) in our analysis, we find 

^ < 0(10-3) (4.6) 

V 

Therefore, the single field description is a good approximation for spiralized inflation models, and non- 
Gaussianities are expected to be much smaller than unity. 


5 Discussions and conclusions 

In this paper, we studied the possibility of discriminating models of inflation by taking a look at the pattern 
of a-ji (the spectral running) and (f^e running of the running) of the density perturbations originated 
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from the quantum fluctuations of the inflaton field. As sample models, several large-held inhation models 
(Hilltop- and i?^-inhation) including natural inhation and spiralized inhation models (spiral new- and 
chaotic-inhations) were considered. As a result of our numerical analysis, we found that all the chaotic 
models selected (including natural inhation) have negative dehnite spectral runnings of 0(10“^ — 10“^), 
while spiral new-inhation models mostly have positive ajis which can be as large as a few times 0(10“^). 
Also, spiral new-inhation models can have very large |a)^|s a fact that allows easy discrimination of 
the models in future experiments, although they might be also discriminated from their spectral indices 
and tensor-to-scalar ratios. Hence it will be easy to rule out either new-inhation-type model or chaotic- 
inhation-type ones in future observational experiments once the experimental uncertainties on a-ji go 
below 0(10“^). 


A Observables in single-field infiation 


The slow-roll inflation is the simplest way of generating a nearly scale-invariant power spectrum of density 
perturbation via a slowly rolling single inhaton held (/). In the slow-roll limit, the equation of motion of 
inhaton is approximated as 

0 = I + 3Hi + V' + V' (A.l) 

and inhation is characterized by slow-roll parameters dehned as 


e 


V 

f 


1 fMpv'y 

2 ) 

V 

P 


(A.2) 

(A.3) 

(A.4) 

(A.5) 


where derivatives denoted by ‘/’s are with respect to the inhaton held (/). The e-folding number of a 
slow-roll inhation is given by 

rte I fie Y 

= i """‘“-si/ 

where the subscript ‘e’ stands for the end of inhation. As observables, the density power spectrum and 
its special index of a slow-roll inhation are given by 


For the tensor-mode. 




ns - 1 = 



dlnPji 

dink 


1 

~W) ^ 

i ( 2?7 - 6e) (1 + e) 


Pt 

Ht 


H 


2 


din Pt 
dink 



The tensor-to-scalar ratio is given by 


r = 


Pn 


= 16e 


(A.7) 

(A.8) 

(A.9) 

(A.IO) 

(ATI) 
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For a cosmological scale leaving the horizon at a given epoch, d\nk = d\n.{aH) leading to 


d\nk _H ! H 

dl ~ J 


Hence the rnnning of slow-roll parameters are given by 

de 


1 V 
M^V' 


( 1 - 6 ) 


dink 

dr] 

dink 

de 

dink 


= —267] + 4e 
= 2er/ - e 

= - r]e - e 


and, dehning an = drig/dlnk and ax = drix / dlnk^ one hnds 

an = -8e (3e - 2??) - 2 ^^ 

= 4r(l-„,-Ad-2f^ 


dan 

dink 


= -32e [e - 6e?? + he^) + 2 (ry - 12e) e + 


1 

“ ~2^ 


e-usY--/ 


- ( 1 - + 2cr 


ax = 4e (ry — 3e) 
dax 
dink 


= -4e (2ry2 - ISery + 246^ + f) 


1 

“ “4^ 


- (1 — n*)^ + —r (1 — rig) - —r'^ + e 

2 V ^ 16 ^ 64 ^ 


(A.12) 

(A.13) 

(A.14) 

(A.15) 


(A.16) 

(A.17) 

(A.18) 

(A.19) 


B Analytic expressions of slow-roll parameters in various models 


In the following collections of formnlas, (pe stands for the held valne at the end of inhation. In cases of 
spiralized inhation models, we apply Eq. (2.20)-(2.23) instead of Eq. (2.24) in order not to miss relevant 
snb-leading terms, and ignore irrelevant higher order terms of 7 ^ in expressions of slow-roll parameters. 


B.l Hilltop inflation (HI) 


The potential is 



(B.l) 


where Vq is the potential energy at cyi = 0 , yr is a mass parameter, ... denotes at least term(s) for 
stabilization, and we consider p = A case only. Slow-roll parameters are 


6 


ry 


fMpY 


\ p ) 

1 - {(p/]i)p 


-P{P - 1) 


fMpV wpr" 

\ ]i J 1 - {4>/py' 


p‘^{p-l){p-2) 

-p^(p-l)(p-2)(p-3) 


/Mp^ ((/.//i)3(P-2) 

W y [1 - wpy? 


(B.2) 

(B.3) 

(B.4) 

(B.5) 
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For the cosmologically relevant scales, 0 <C /U and e <C r/ leading to 


~ 1 + 2?7 

For p = A, (l)e at e = 1 can be found numerically. The e-folding number for p > 2 is 


N. 


HI 


\/2 p? 
p{p - 2) M| 


p—2 / \ p—2 

fJ'V I Ji 


(B.6) 


(B.7) 


B.2 i?^-inflation (R2I) 

The potential is 


Vs = Vo (I-e 




Slow-roll parameters are 


2 .-2<P/p 


e = 2l'^V " 


p J (l - 


Mp y (1 - 2e-'^^/'^) 
2 ’ = “2 ( — ) 


2 _ I MpY (1 - 


e = ^{ — 

P 


(1 - 


a^ = -h 


P J 

MpY (l - 

P ) 


Note that 


1(jl\ ^2 

2 y Mp 


Hence, taking a large p, one can get a larger e realizing a large tensor-to-scalar ratio. Taking p 
for the original i?^-inflation, one finds e ~ leading to 


From e = 1, is given by 
The e-folding number is 


n<j ~ 1 -|- 2?7 

4>e = P^Tall + V2{Mp/p) 


1 


ivM = f JL] 
^ 2 VMp J 


2 r 


_ g^e//^ _ 


{<P - 4>e 

P 


B.3 Natural inflation (NI) 

The potential is 

Slow-roll parameters are 


V = V^ = Vo[l + coy4>/p)] 


1 / Mp sm.{(j)/M) \ / Mp\ cos{(t>/M) 

2 \ p [i + cosicp/p)]) ’ ^ V ^ y [1+ cos(y)/^)] 

y = - ( ^ 1 ~ COs{(j)/p) ^3 ^ f YY] ^ cos(y)/^) [1 - COs{(p/p)] 
p ) l + cos{(p/p) ’ \ P J l + cos{(p/p) 


From e = 1, is found to satisfy 


COs{<j)e/p) -1 -h 


where p ^ Mp was assumed. The e-folding number is 

rNI 


~ f^Vln [_^_ 

" \MpJ [ i-cos(y)/;u) J “ V^py [i-cos(y>/^) 


(B.8) 

(B.9) 

(B.IO) 

(B.ll) 

YW^Mp 

(B.12) 

(B.13) 

(B.14) 

(B.15) 

(B.16) 

(B.17) 

(B.18) 

(B.19) 
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B.4 Spiral chaotic inflation 1 (SCIl) 

The potential is 


2 


= ^0 (B.20) 

Denoting a slow-roll parameter x and /(</>) associated with a specific value of n as Xn and /n(</>) respec¬ 
tively, one finds 



t]n = [-(n - 1 ) 

d = 2n [(n - 1) - (3n - 1 ) 7 ^] 

= {—2n(n — l)(3n -|- 1) -|- n [(n — l)(36n -|- 26) -|- 24] 7 ^} 


From Cn = 1, <^e is given by 


The e-folding number is 


</>e = M 


/ \/2 Mp 
\ n M 


1 

n+1 


leading to 


AtSCIi 

e,n 


1 n2 [mV 


4 n -|- 1 \ 

Mp) 

_ J n 

( 

4 (n -|- 1) 

\Mp 

1 


^ 2 (n + 1 ) 

En 



I - Us 


n + 2 1 
n -F 1 fVe 


n -|- 2 
-r 


B.5 Spiral chaotic inflation 2 (SCI2) 

The potential is 

Slow-roll parameters are 



3 — n 

^ Cn 


Cn = ^ [-(?^ - 1)(3 - n) + n(4 - 3 ^) 7 ^] el 

^n = \ {{n - l){3 - n){3n - 1) + n[{n - l){18n - 17) - el 


From e = 1, is given by 


(j)e = M 


f 2^/2 Mp 
\ n M 


1 

n + 1 


(B.21) 

(B.22) 

(B.23) 

(B.24) 


(B.25) 


(B.26) 

(B.27) 


(B.28) 


(B.29) 

(B.30) 

(B.31) 

(B.32) 

(B.33) 
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The e-folding number is 


P^SCU ^ fn ( Y 
8(n + l)VMpy 


\ 2(n+l)' 


1 

(n-h l)e„ 


leading to 

B.6 Spiral inflation (SI) 

The potential is 

Slow-roll parameters are 


n -|- 3 1 n + 3 


(B.34) 


(B.35) 






+ Vm 


en = 8 ' 7 


Mp(j) 

??n = y I (n - 1) f ^ ) +i3-n)-n-/‘^ 


-1 

<P 


p2 2IL 

Sn o 


_3 

(Tr, = — 


-1 

<P 


j)- 


n 2 


(n- 1) 


(n- 1) 


(po 


n ^ ^ + (3 - n) 


nj 


- 1) f ^ ) - (3« - 4) 


V (P 


(B.36) 

(B.37) 

(B.38) 

kB.39) 


( —k 
W y 


-n7 


n(3n + 1) ( —r + (3 — n){3n — 1) 


(po 


((n - l)(18n -h 13) -M2) If - ((n - l)(18n - 17) - 4) 


(B.40) 


The e-folding number is given by 

atsi = jL kirV ) / 

8n VMpy I 

If A is small enough, (pe can be from 


1 - 


2n 


n f (p, 


dV^ 


d<p 


n + 1 \(po 


fn n A 


're 


2(n+l)' 


j n 4 : 

~ —A 


equivalent to 


4 fMY ( (P 


n \(poJ \(po 


2—n 




A4 


V^{cP = 0 ) 


(B.41) 

(B.42) 

(B.43) 


Otherwise, it is from = 1- For cpQ = Mp which we assume for simplicity, if M <C <^0 which is true in 
spiraling inflation models of our consideration, Cn = 1 gives solutions (pe (po or (pe ~ (po- The former is 
not a proper solution for cp > M, and the latter is 



2^/2 M^Mp 

e=l 

n cPY^ 


1 1/2 


(po 


For n = 1, defining k = Mcpo/V^cp"^ for convenience, one finds 

1 — n. 


(B.44) 


r]i ~ ei (1 - Y ^ ei = 


6 -2(1 -k2 ) 


(B.45) 
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Note that rji can be either positive or negative. If k <C 1, ei ~ r/i which results in 


Us 


1 - T ^ 0.975 

4 ~ 


— ~ 0.028 
90 


1 - 




(B.46) 

(B.47) 


where the lower bound of is due to r < 0.1 from observations [18], and we assumed (jp' <C (po which is 
true for cosmological scales relevant CMB observations. If inflation ends at ei = 1, from Eqs. (B.41) and 
(B.47) with (pe — (po the number of e-foldings is found to be 

iVlUi ^ 80 (B.48) 

which does not depend on (/>* and too large to match observation unless r > 0.14. Hence, in order to 
match observations, inflation should end by waterfall drop at (pe < (px = (po/V^ with (px being the 
maximum held value satisfying Eq. (B.43). In such a case, the e-foldings can be around 40 at most 
which is too small to match observations. However, note that the left-hand side of Eq. (B.43) decreases 
for (p > (px, allowing the possibility of a two-step inhation (before and after (p = <px) in which inhation 
eventually ends when ei = 1. Adjusting A which does not affect slow-roll parameters, one can control 
(pe via Eq. (B.43) to reduce the total e-foldings. Hence, even if for cp < (px is too small to match 
observations by itself, it is not a problem as long as it covers observed CMB scales and e-foldings for 
(p > (px are large enough. Moreover, the required e-foldings for primordial inhation can be reduced in 
cases of long period of matter domination after inhation, a very low reheating temperature close to its 
lower bound, or some extra e-foldings, for example, from thermal inhation [20, 21]. Again, the need of all 
these possibility depend on A which does not affect slow-roll parameters. In this work, we do not pursue 
the details of these possibilites. 

On the other hand, if k 3> 1, t/i becomes negative and r can be well below observational bound even 
for the preferred cental value of n^. Note that (p^, is constrained as 


(Po ^ (Po 


/1 


(B.49) 


Hence, M/(po should be smaller than unity by at least a couple of orders of magnitude in order to allow 
an enough room for (/>*. In this case, the spectral running and the running of the running become large, 
allowing easy discrimination in the future experiments. 

For n = 2, Eq. (B.43) has a solution at 


= 1 ^ 

(t>0 , 2<1 2 \M) v^{(p = 0 ) 


(B.50) 


Contrary to n = 1 case, the held conhguration can follow the spiraling trench only for (p > (px and never 
gets out, and inhation ends only when 62 = 1 satished at 


(pe 

(po 


£2 = 1 


1 


/ v/2M2Mp 


1/2 


for M <C (pQ. Meanwhile, from Eq. (B.37) one hnd that 


M 

\ 4>o J (po 


/^xl/4 

V 32 ; Uo/ 




< 0.1467 



(B.51) 


(B.52) 
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which means (/>e — (po- Adjusting A, one can make cpx < 4>*- Then, combined with Eq. (B.52), the number 
of e-foiding with (pg ~ (pQ is minimized at (p^:j(po — 0.6356 with 

^ 5.72 X ^ 305 (B.53) 

which is too iarge to match observations, and we do not consider this case any ionger in regard of the 
spectrai running and its running. 


B.7 Spiral Coleman-Weinberg inflation (SCWI) 

The potential is 


Slow-roll parameters are 




en = 128 
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Mp(p^ ( (p 


4>o) 4 




+ 14i 
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Vn = 


= 

Ssn 


= 


8 


4>) \Vo) 1^2 (±] 


{bn In + [5 - 3n(l - 7 ^)] | in 


where 


{[3-n(l-7=)|ln(A) + l} 

Cnin{^)+d^] y 


bn = —2(n — 1)(3 — n) + 27 ^n (4 — 3n) 

Cn = 2(n — 1)(3 — n)(3n — 1) + 27 ^n( 2 n — l)(9n — 13) 
dn^ {n- l)(lln - 15) - 4 + 27 ^ 7^(13 - 15n) 

.1/4 . 


(B.54) 

(B.55) 

(B.56) 

(B.57) 

(B.58) 


(B.59) 

(B.60) 

(B.61) 


Depending on the maginitude of A relative to 1 q , inflation can end by waterfall drap at (pe satisfying 


914 


d(p 




^A4 


equivalent to 


16 /My/ 0 eV“" fcPo. 

nUj Uj 


A" 


(pej V^{4> = 0) 


(B.62) 


(B.63) 


The left-hand side of the equation above is maximized at (pxl(po = e if a solution to Eq. (B.63) is 

absent, inflation ends when = 1 at (pe satisfying 


1^0 f(p, 


3 —n 


V{(pe) \(p0 

Formally, the number of e-foldings is given by 


— In = 


(po 


1 f 


m+1 


n: 


SCWI 
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dl 


(pe) 8V2 \M^Mp 
fn 


I d(p- 


MpJ ^n Mp J ^ceV^ 

but it can not be given as a simple closed analytic form. 


(B.64) 


(B.65) 
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